It is well known that classical states of light exhibit shot noise, characteristic of independent or uncorrelated particles. For phase estimation problems, this leads to a shot-noise limited uncertainty of 1/sqrt [N], where N is the number of particles detected. It is also well known that the shot-noise limit is not fundamental: squeezed states and entangled states can be used for sub-shot-noise phase measurements. The uncertainty principle sets a fundamental limit of 1/N, known as the "Heisenberg" limit.
INTRODUCTION
Interference and interferometers have been employed to perform precise measurements at least since Fraunhofer developed the diffraction grating and observed spectral lines in sunlight. Today the most precise and demanding measurements are often performed as interference measurements. A few examples include Ramsey interferometry in atomic spectroscopy, 1 x-ray diffraction in crystallography 2 and optical interferometry in gravitational-wave studies.
3, 4
These experiments can be understood as measurement of an externally-imposed and essentially classical phase, for example the phase from a passing gravitational wave, by observing its effect upon a quantum system or a collection of quantum systems. Quantum mechanics thus sets fundamental limits on the precision with which the classical phase can be determined. For independent quantum systems, shot noise limits the phase uncertainty to δφ ≥ 1/ √ N where N is the number of (2-state) systems used, but it is known that entangled systems can beat this limit. The uncertainty principle sets a fundamental precision limit of δφ ≥ 1/N , known as the "Heisenberg limit."
In this paper we consider phase measurements using a type of maximally entangled N-photon state called a "NooN" state. This state shows a phase resolution N times better than a single-photon state. We demonstrate a technique for producing polarization NooN states, applicable to arbitrary N , and show the expected increase in phase resolution. We also consider the utility of such states for estimation of unknown phases. We show that sequential, adaptive use of NooN states in phase estimation can achieve the Heisenberg-limit scaling of δφ ∝ 1/N.
"NOON" STATE GENERATION
It has been known for some time that entangled states can be used to perform super-sensitive measurements, for example in optical interferometry or atomic spectroscopy. [5] [6] [7] [8] [9] The idea has been demonstrated for an entangled state of two photons, 10 but for larger numbers of particles it is difficult to create the necessary multi-particle entangled states.
11 -13 Here we experimentally demonstrate a technique for producing a maximally-entangled three-photon state from initially non-entangled photons. The method can in principle be applied to generate states of arbitrary photon number, giving arbitrarily large improvement in measurement resolution.
14-17 The method of state construction requires non-unitary operations, which we perform using post-selected linear-optics techniques similar to those used for linear-optics quantum computing.
18-22
Our goal is to create the state
which describes two modes a, b in a superposition of distinct Fock states |n a = N, n b = 0 and |n a = 0, n b = N . This state figures in several metrology proposals, including atomic frequency measurements, 6 interferometry, 5, 7, 9 and matter-wave gyroscopes. 8 In these proposals the particles occupying the modes are atoms or photons.
The advantage for spectroscopy can be seen in this idealization: We wish to measure a level splitting H ext = ε ba b † b between modes b and a using a fixed number of particles N in a fixed time T . We could prepare N copies of the single-particle state (|1, 0 a,b + |0, 1 a,b )/ √ 2 and allow them to evolve to the state |φ The dependence on N φ rather than φ is phase super-resolution: one cycle of A N implies a smaller change of φ (or ε ba ) than one cycle of A 1 . Phase super-sensitivity, a reduction of phase uncertainty, is also predicted. A number of schemes have been proposed 5-9, 14, 23, 24 to reach the socalled Heisenberg limit ∆φ = 1/N . The simplest proposals would measure the operator A N . This can be implemented with coincidence measurements, as the probability of detecting all N quanta in a mode (a + b)/ √ 2 is proportional to 1 + A N . Phase super-resolution has been demonstrated for N = 2 with photons in a Mach-Zehnder interferometer 25, 26 and with trapped ions.
27
A related technique, quantum interferometric optical lithography, proposes using phase super-resolution to write features smaller than the single-photon diffraction limit. There the modes a, b are spatial, with different propagation directions. A molecule exposed to both modes and capable of absorbing N photons would, in effect, perform the measurement of A N as above, with N -fold super-resolution in position. Using coincidence detection in place of two-photon absorbers, this principle has been demonstrated for N = 2 using down-converted pairs.
10
In that experiment, as well as in the earlier Mach-Zehnder experiments, two infrared photons showed the same resolution or angular resolution as the blue pump photon which generated them, a factor of two improvement over the resolution of a single infrared photon. The question remains as to whether resolution can be improved beyond that of the photons used to generate the entangled state. Here we answer that question in the affirmative by constructing a multi-particle state with greater phase resolution than any of its single-particle precursors. The technique could in principle be used to generate entangled states of arbitrarily large N with arbitrarily good resolution.
We prepare the state |3 :: 0 a,b where the modes a and b are the horizontal (H) and vertical (V) polarizations of a single spatial mode. The construction of the polarization state is based on earlier proposals to construct photon-number path entangled states.
14-16 A similar technique for polarization has recently been independently proposed. 17 The key to the construction is the fact that |3 :: 0 a,b , when written in terms of creation operators a † a and a † b acting on the vacuum |0 , is
where χ = 2π/3 and normalization has been omitted. The terms in parentheses each create a particle, but in non-orthogonal states. 
) analysis in the ±45
• polarization basis is performed with a HWP before a polarization-maintaining (PM) fibre and a fibre-coupled PBS. The outputs of the fibre PBS are channeled to one, two, or three detectors as needed. The configuration to detect |2, 1 ±45 • is shown. Digital electronics record single detections as well as two-and three-fold coincidences.
rotated by 60
• from each other. Using post-selection, we can put one photon of each polarization into a single spatial mode and create |3 :: 0 a,b .
We use two photons from pulsed parametric down-conversion plus one laser, or "local oscillator" (LO) photon, adapting a technique first used to show non-classical interference of independent sources. 28, 29 Pulses of 100 fs duration and 810 nm center wavelength are produced by a mode-locked Ti:sapphire laser and frequency-doubled giving 405 nm pulses with an average power of 50 mW. These are gently focused into a 0.5 mm thick beta-barium borate crystal aligned for Type-II parametric down-conversion in the "collapsed cone" geometry. 30 The downconverted (DC) photons thus produced are orthogonally polarized. A small part of the Ti:sapphire beam is split off and attenuated to contribute the LO photon. These three photons are transformed into the state |3 :: 0 and detected by polarization-resolved three-fold coincidence detection. The transformation, shown in Figure 1 
This operation, putting orthogonally polarized photons into non-orthogonal modes, is non-unitary and requires post-selection.
The DC photons meet the LO photon at the last interface of the PP. This interface acts as a beamsplitter putting all three into the same spatial mode, conditioned on zero photons exiting by the "dark" port. Again, Response to the phase shifter demonstrates phase super-resolution. Acting on a single photon, the quartz wedges shift by φ the phase of the V -polarization. Acting on three photons the phase shift is tripled:
2, where we have absorbed the negative sign above into the phase factor. The 3φ behaviour can be seen in triples detection in the ±45
• linear polarization basis. The rates for detection of |3, 0 ±45 • and |2, 1 ±45 • vary as 1 ± cos (3φ), respectively. After passing through an 810 nm wavelength filter with a 10 nm passband, the photons enter the polarization analyzer, set to detect |3, 0 ±45 • or |2, 1 ±45 • , as shown in Figure 1 b) .
The use of down-converted pairs removes the need for detectors at the "dark" ports. Down-conversion very infrequently produces more than two photons in a single pulse so we can infer with near-certainty the absence of photons in the "dark" port from the presence of both photons in the "bright" port. Using a weak coherent state to supply the third photon, we can make small the probability that more than one LO photon was present in a triple detection event.
16 Thus a single post-selection for three-fold coincidence at the detectors performs at once the post-selections for both non-unitary operations. with a single scan of the phase shifter we can see qualitatively different behaviours for states of one, two, and three photons. • detector and the two DC photons to +45
• . This path interferes with other permutations to give the signal shown in Figure 2 c) . A cosine curve fitted to these data shows a visibility of 42 ± 3%. This visibility is unambiguous evidence of indistinguishability and entanglement among the three photons. A non-entangled state of three distinguishable photons could also show three-fold coincidence oscillation at 3φ, but with a maximal visibility of 20%. Figure 2 d) shows the same triples data after subtraction of background from accidental triples. In addition to the signal of interest from 1 DC pair + 1 LO photon, we also see events from 2 DC pairs, from 3 LO photons, and from 2 LO photons + 1 DC pair. We calculate these backgrounds from independent measurements of single and double detection rates for the DC and LO sources alone. Coincidence background is calculated by the statistics of uncorrelated sources using a time-window of 12.5 ns, the laser pulse period. Incoherence of the various contributions is ensured by sweeping the path length of the LO photon over ±2µm during acquisition. The calculated background has some variation with φ, so it is important to note that it is qualitatively different than the observed 3φ signal. Per 30 second interval, the accidental background contributes 22 ± 1 as a constant component, an average of 23 ± 1 oscillating with 2φ, 4 ± 1 with 1φ and < 1 with 3φ. Here and elsewhere, uncertainty in the counting circuitry's dead-time introduces a systematic error.
It is also possible to see 3φ behaviour detecting a single polarization, as shown in Figure 3 . This measurement corresponds to the original proposals for atomic spectroscopy and lithography. 6, 14 It gives a far weaker signal, in part because the maximum overlap of the state |3 :: 0 3φ H,V with |3, 0 ±45 • is smaller than with |2, 1 ±45 • . Also, the chance that all three photons go to distinct detectors (as needed for coincidence detection) is smaller for |3, 0 ±45 • . With these limitations, we are able to see the 3φ behaviour, but only by subtracting a considerable coincidence background.
Using linear optical elements and post-selection, we have constructed a multi-particle entangled state useful for super-resolving phase measurements. The demonstrated resolution is not only better than for a single infrared photon, it is better than could be achieved with any single photon in the experiment, including the down-conversion pump photons. Given the difficulty of generating coherent short-wavelength sources, this is encouraging for the prospects of proposals such as quantum-interferometric optical lithography. The method can be adapted to generate entangled states of arbitrarily large photon number. Because prior entanglement is not required, the procedure would work well with single-photon-on-demand sources 31, 32 which promise to be more efficient and scalable than down-conversion sources. Scalability would also be enhanced by the use of photon-number-resolving detectors. The construction proceeds from spatially separated, unentangled photons to a maximally-entangled state in a single spatial mode, a state suitable for Heisenberg-limited phase measurements.
NOON STATES IN PHASE ESTIMATION
The above demonstration of phase super-resolution is remarkable, and it is interesting to ask in what circumstances high resolution translates into high measurement precision, i.e., low uncertainty in the measured phase. The periodicity of the signal is of central importance here. For an N -photon NooN state, any observed signal has a period of 2π/N , with the consequence that it provides information about the phase φ modulo 2π/N . In order for the N -noon result to be unambiguous, it would appear that φ must already be localized to a 2π/N interval. In other words, in order to get ∼ 1/N precision one must already have ∼ 1/N precision. A similar situation holds for phase estimation with squeezed states, namely that squeezing can give higher precision, but only if the phase is already known to within about the phase uncertainty of the squeezed state. Similar observations have been made by Combes and Wiseman, 33 leading them to discount the utility of NooN states, at least for single-shot phase measurement.
We take as a point of reference the optimal phase measurements and optimal phase states described in the same paper.
33
For these states and measurements, the single-shot phase uncertainty is δφ = π/N . These states, however, have not been produced in the laboratory, and it is unclear how the measurement, a probabilityoperator measure (POM) with an infinite number of possible outcomes, could be implemented. Our goal, then, is to understand how close to this optimal result one can arrive using NooN states, for which both production and measurement have been demonstrated in the experiment described above.
Our approach is to use a sequence of measurements with NooN states for phase estimation. In these "multishot" schemes, NooN states with a varying number of particles are used to obtain information with different periodicities. As we show, this can eliminate the ambiguities while retaining the high-resolution information. The result is phase estimation with the "Heisenberg-limited" scaling of δφ ∝ 1/N .
We change notation slightly, such that the NooN state is now written
where |n a , n b indicates a Fock state with n a , n b photons in two orthogonal modes a and b, respectively. A phase shift of φ applied to each particle in the b state rotates the second component by N φ relative to the first, so that the shifted state is
The N -fold amplification of the phase is responsible for super-resolution: any observable on this state will be periodic in φ with a period of at most 2π/N . Experimentally, a convenient measurement is projection onto Fock states in a rotated basis. This can be accomplished by bringing the two modes together on a beamsplitter followed by single photon detectors. Defining the modes c
where the plus (minus) sign applies if n d is even (odd). For the purposes of estimating the phase, there are effectively only two outcomes, n d even ("0") or n d odd ("1"), with probabilities P N (0|θ) = [1 + cos(θ)]/2 and P N (1|θ) = [1 − cos(θ)]/2, respectively.
Phase estimation proceeds by making successive refinements to a probability distribution function f(φ) for the unknown phase φ. Before any measurements are made, it is assumed that f 0 (φ) = 1/2π is a constant, indicating complete ignorance about the phase to be estimated. Each measurement consists of the input of a NooN state with photon number N i and initial phase θ i , rotation by the unknown phase φ and measurement in the {c, d} basis with the measured result r i being 0 or 1. The marginal probability distribution is updated as
Where Z is a normalization constant. In the language of Baysian estimation, P N (r i |N i φ + θ i ) is the likelihood function for the phase φ given the outcome r i .
To measure the success of an estimation procedure we use the "sharpness"
which is related to the phase variance by δφ 2 = 2(1 − Sh) = (1 − Sh 2 ) in the limit of narrow distributions.
Given a total of N tot photons to use for the phase estimation, can a measurement sequence {(N i , θ i )} give a narrow marginal distribution f(φ)? Use of all the photons in a single |N tot , θ state does not work for this purpose. The resulting distribution oscillates rapidly but remains spread over the whole of the phase range.
Before describing our solution, we first describe a strategy, binary elimination, which comes close to solving the problem and which serves to illustrate the main points. If N tot = 2 n − 1 photons are available, the first 2 n−1 are used in the first measurement, leaving a marginal distribution with 2 n−1 peaks. The next measurement, with 2 n−2 photons, leaves 2 n−2 peaks, and so on, until a single peak is left. This procedure is necessarily adaptive, the input phase for each measurement must be chosen to align with the peaks left by the measurement before. Explicitly, N i = 2 n−i , θ 1 = 0 and θ i = (θ i−1 + πr i−1 )/2. Binary elimination is guaranteed to give a single peak, one out of 2 n possibilities, but the peak is not especially narrow: the phase variance limits to δφ 2 ≡ dφ (φ − φ ) 2 = 1/N tot , the same as the shot noise limit.
We now describe a truly successful strategy which uses only NooN states and number state detection and which gives phase estimates better than the shot noise limit. Indeed, the strategy appears to reach the "Heisenberg limit" scaling of δφ 2 → A/N 2 tot , with A not much larger than for the ideal strategy. As with the binary elimination, this strategy is adaptive. First, as an initialization step, a small number of N = 1 NooN measurements (i.e., measurements with single particles) are made. In our case we used 100 such single-particle measurements to get a roughly gaussian distribution of width δφ ≈ 1/10. In subsequent steps, the prior distribution f i−1 (φ) is used to choose the most appropriate value of N i for the next (ith) measurement. Speicificallly, N i is chosen to minimize S / ln N In each run, the first 100 particles were used for single-particle measurements, giving the shot-noise limit as evidenced by the slope of -1/2. The continuation of each run implemented the adpative strategy described in the text, and shows a steeper slope. Each point (+) indicates an average over 4000 runs. Also shown for comparison are the shot noise limit 1/ √ N (dotted line), the "Heisenberg limit" of 1/N (dot-dashed line), the best single-shot measurement (dashed line) and the fitting result 6.38/N (solid line).
two possible outcomes. In all measurements, including the single-particle initialization steps, the input phase θ i is chosen such that the two outcomes are equally likely. 
Note that while S is approximated, the probability distribution function f(φ) is exact. The strategy above was simulated for 4000 realizations, stopping each realization when N tot exceeded 10 5 .
Results are shown in Figure 5 . It is clear that the strategy beats the shot-noise limit, and in fact it appears to have a scaling of δφ ∝ 1/N . A fit to the region 10 4 ≤ N ≤ 10 5 of the form A/N finds A ≈ 6.38, very close to twice the uncertainty of the optimal single-shot strategy. For comparison, the optimal strategy 33 is also shown in the figure.
In conclusion, we have demonstrated a general method based on linear optics and post-selection for producing maximally-entangled "NooN" states, and demonstrated super-resolution phase measurement with these states. We have also presented an adaptive, multi-shot phase estimation technique which uses these "NooN" entangled states and ordinary number-state detection. In Monte-Carlo simulation this scheme achieves a phase uncertainty better than the shot noise limit and appears to reach the "Heisenberg limit" scaling of δφ ∝ 1/N . This scheme, which uses only demonstrated states and measurements, achieves uncertainties only slightly worse than the optimal single-shot phase estimation strategy, which requires more complicated states and generalized measurements.
